What is a Fourier Series?

The concept of vectors can directly be extended to signals due to the analogy between
signals and vectors. A Fourier Series is an expansion of a periodic function f(x) in
terms of an infinite sum of sines and cosines. Fourier series makes use of

the orthogonality relationships of the sine and cosine functions.

Since infinite cosine functions and infinite sine functions are mutually orthogonal /
exclusive. So it is possible to represent any function as the sum of infinite sine and
cosine functions (or linear combination of sine and cosine functions which is known

as Fourier series representation.)

It is possible to represent a given signal in Fourier series for one period which

implies that the Fourier series is applicable for periodic signals only.

Let x(t) be a periodic signal with fundamental period T then x(t) can be represented

in Fourier Series form as -

x(t) = X2 ola, cos(nwgt) + by, sin(nwgt)]



an and bn are Fourier series coefficients.

Conditions for Existence of Fourier Series

The conditions for existence of Fourier series includes both necessary and sufficient
conditions. These are known as Dirichlet’s Conditions. These have been given as

below

(i) Signal should be absolutely integrable over one period

J1 |x(t)] dt < o

(ii) Signal must have finite number of maximas and minimas in one period.

(iii) Signal must have finite number of discontinuities in one period.

First one is the necessary condition while the remaining two are the sufficient

conditions

Forms of Fouriler Series

Fourier series can be expressed into three different forms. These are been given as

follows -

A. Trigonometric Fourier series (TFS)
B. Compact Form / Polar Form Fourier series

C. Exponential Fourier series

A. Trigonometric Fourier Series

A periodic signal x(t) can be represented in the form of trigonometric Fourier series
containing sine and cosine terms —

x(t) = ag + a; cos wot + a5 cos 2wyt + ... ..... + bysin wyt + b, sin 2w, t



W '
x(t) = Yololan cos(nwyt) + by sin(nwet)]; to <t <ty + T

Or
x(t) = ag + Xn=1(ap cos(nwgt) + by sin(nwgt)) ; to <t <ty + T
Where wy = ZT“ and ag,a,, b, are coefficients of Trigonometric Fourier Series. w, is

fundamental frequency and 2o, 3wo.... are called the harmonics of wo.

ao is known as DC term and its value is given by -
1
25 = ;fT x(t)dt
It is clear from above equation that ao is the average value or DC component of x(t)

over one period. Now, the coefficients an and bn are being calculated as follows

o %fT x(t) cos(nwyt) dt

b, = %fo(t) sin(nw,t) dt

ao, an and bn represent the similarity of the signal x(t) associated with DC, cosine and

sine funetion respectively.

Example 1:

Find harmonics and TFS coefficients of the following signals.

1. xi(t) = cos(mtt + 301F sin(2t)

2. x,(t) = 10 cosz(gt — 459

3. x3(t) = cos(7t) — 2sin(2t + 20°) + 5 cos Gt + 10") — sin(0.2t)
4. x4(t) = —4 sin(0.8mnt) + 2 cos(2mt+30°)

Solution:

1. xi(t) = cos(mt+30°) + sinat

W1 =7, W2 =2

w1

i1 N N
= — = irrational
wsz 2

= x1(t) is non-periodic

= Fourier series does not exist for xi(t)



B_ -]
2. x,(t) = 10 cos? (gt - 45") = IOM

2
X,(t) =5+ 5cos (gt - 90")

X,(t) = 5+ 5sin (gt)

TES -

X,(t) =ag + Yot (an cos (g nt) + by, sin (E nt))

= ag + a; cos (Et) + a, cos (?t) +..+ b; sin (gt) b, sin (ls—ﬁt) -
By comparing, ac=5, ai=5

3. x3(t) = cos(7t) — 2sin(2t + 20°) + 5 cos (gt + 10°) — sin(0.2t)
w; =7,wy, =2, w3 = g,m_,_; = 0.2 :é

X7

7 ) w,; 2 . ®
= - = rational, = = =— = rational, = =
2 (1)3 4 (1)4_ 7x0.2

[0V] N
- = rational

W3
Since all the ratios are rational therefore, x5(t) is periodic with period

_ GCD(7,2,41) _ 1

0™ LeM(1,1,7.5) ~ 35

X3(t) = cos(35 X 7wet) — 2sin(35 X 2wyt + 20°) + 5 cos (35 X gmot 4 10") —
sin(35 X 0.2wgt)

X3(t) = cos(245wyt) — 2sin(70wqt + 20°) + 5 cos(20wyt + 10°) — sin(7w,t)

X3(t) = —sin(7w,t) + 5 cos 10° cos(20wqt) — 2 sin 20° cos(70w,t) + cos(245wyt) —
5sin 10°sin(20w,t) — 2cos 20° sin(70w,t)

By comparison with equation of TFS

a9 = 5c0s810° ; a;p =—2sin20° , axs =1

b, = —1; b,y = —5Sin10°; b;, = —2 cos 20°

4. x4(t) = —4 sin(0.8mt) + 2 cos(2nt+30°)

w; =08 = i;r,u)z =27

w1 0.8

= = 0.4 = rational
(1)2 2T

= x4(t) is a periodic signal with period wo

__ GCD(4mz2m) _ 2m

0~ TLeMsy) s



X4(t) = —4sin (% X 0.8m X mot) + 2 cos (% X 2T X wot + 30")

= —4sin(2wyt) + 2 cos(5wyt + 30°)
= —4sin(2wyt) + 2 cos 30° cos(5wyt) — 2 sin 30° sin(5w,t)

= —4sin(2wyt) + 2 X %cos(Smot) —2X gsin(Smot)

X4 (t) = —4sin(2wot) + V3 cos(5wgt) — sin(5w,t)
By comparing it with TFS equation
b2 = —4, dg = \/?:,bs =-1

B. Polar Fourier Series

This is another form of Fourier Series. It is also known as Compact form / Alternate
form / Phasor form Fourier series. Polar form is used to find the spectrums.

We know that sinf = cos(0 - go[Jand cosB = sin(0 - 9o}l

In Polar form, all functions are represented in terms of cos8. This form is used to find
the magnitude and phase of various frequency components.

Trigonometric Fourier series of x(t) was given as -

x(t) = ag + Ynt(a, cos(nwgt) + by, sin(nwgt))

This can also be written in polar form as below

x(t) = sg + X2, spcos(nwet + 6,)

Expanding the above equation, we get

X(t) = sg + Yine1(s, cos B, cos(nwgt) — s, sin B, sin(nw,t))

On comparing the trigonometric and polar form, we get

dg = Sp; 85 = 85,008 0;.,b; = —8,5in 0y,
— — — —1 (bn
Or sy, = ag, Sy =+/a% +b3,0, = —tan (a—)
n

Spectrum of Trigonometric Fourier Series
X(t) = sg + Yipe1 Sn cos(nw,t + 6,)
= 55 + 55 cos(wot + 0;) + s, cos(2wot + 0,) + s3 cos(3wt + 03) + -



x(t) = sg +5;40;and w = wy + s,40,and w = 2wy + s3405and w = 3w,

Spectrum of TFS is one sided line spectrum or one sided discrete spectrum which is

defined at 0, wo, 2wo, 3W0, .ocvvvveee....

(i) Magnitude Spectrum

Magnitude spectrum of the signal is being constructed using the following terms
|so | — Magnitude associated with DC term. (w=0)

|s1| — Magnitude associated with frequency wo

|s2| — Magnitude associated with frequency 2wo

The magnitude spectrum can be drawn as follows with the values calculated from

trigonometric Fourier series coefficients based on the formula given below.

o

= -~
A |S4]

Sgl &
Bl s

0 ®, 2 3o, 4w, Swm,

85 =0g85 =x/a2 1 hZ

(ii) Phase Spectrum

The phase spectrum of the Fourier series consists of the following values

¢$o— Phase associated with DC

¢1 — Phase associated with wo

¢n — Phase associated with nwo

The phase spectrum is drawn as below with the values calculated from the formula

given previously.
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(I)n =g ( dn )

(iii) Power Spectrum
We have the signal as x(t) = s + Y.nz1 Sp cos(nwyt + 6,).
The power spectrum can be calculated from the formulae given below and can be

drawn as following -
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C. Exponential Fourier Series

The exponential Fourier series (EFS) is simpler and more compact. Hence this is
most widely used. Trigonometric Fourier series of x(t) is given as follows —
x(t) = ag + X2, (ap cos(nwgt) + by, sin(nwgt))

This can also be written in exponential form as below -

ejnw0t+e—j11w0t ejnwot_e—jnwot)

x() =ap+232, (an—2 + by >
— o0 an—jbp jnwot an+jby —jnwot
—80+Enlee +Te
= Cp + X34 Cp &/™Wot 4 C_;e7 Wt
x(t) = Y% _C, e™ot  EFSand C, are exponential Fourier series coefficients.
Where, Co = ao;
__ap—jb __aptjb
Cn — Il -~ Il and C_n — Tl - I
X(0) = T2 s C, et

Where C, = %fo(t)dt ; forn=10

B = %fo(t)e_jnWOtdt ; forn # 0.

The relation of coefficients of trigonometric and exponential Fourier

series are being given as follows-

Cop = Qg
an—jbp a0 = Co
e —
n > anp=c¢, +Cc_4
_ ap+jbp bn = (an — C_n)
Ci =

Since cn and cq are complex. Hence exponential Fourier series is also known as
complex Fourier series (CFS) and coefficients are known as complex coefficients and

spectrum is complex spectrum.



Spectrum of Exponential Fourier Series

For EFS, the signal has been represented as follows

X(D) = X% _ ¢y ol = ¢ + ¢ @/MWol 4 eltWoly 4o e IWot 4 ¢ e 2Woly

Thus for Exponential Fourier series, spectrum of EFS is two sided line spectrum or
two sided discrete spectrum, which is defined at -

w =0, Twy T2wy, T3wy, ..

There are three components to represent the spectrum. These are magnitude, phase

and power spectrum.

(i) Magnitude Spectrum

For magnitude spectrum, we have |c,| = |ay], |c,| = %Jaﬁ +b2=|c_,|l = 52—“

Hence it can be drawn as

N

Magnitude

20, W, 0 9 20

Therefore, magnitude spectrum is even function of w.

(ii) Phase Spectrum
The Phase spectrum for this series is drawn from the following formulae

0 _{ 0°;for + ve DC
07 1180°; for — ve DC

—ib b b
=2l g :tan_l( a“) = —tan_1(—“)

2 n ap



— ap+jbp — —1 by
_H—szﬁ_n—tan g

0,=-0_,

A phase spectrum will generally look like the one below
N
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0,

Phase spectrum of EFS is odd function of w, i.e. anti-symmetric about o = o.

(iii) Power Spectrum

The power spectrum will be drawn through the following formulae

Po = lcol?

- 2. .15 b2 _ sh - 2i_1F2 b2 _ sh
Pn = lcal —4(an+ o) = 4ap—n—|c—n| —4(an+ n) = 4
Pn=P-n
A typical Power Spectrum will be looking like the one below

Power
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Power spectrum is even function of w. i. e. symmetric about w = 0.



Example 2:

Find the Fourier series of the following signal —

> {
AT -3T-2T -T 0 ' T 2T 3T 4T

Solution:

x1(t) represents the periodic train of impulses with period T. Strength A and centered

about t=o.
Ad(1); fort =0
*(0 _{ 0;for—-<t<-andt=0
and periodic with period T = i—“
0

x1(D) =Yoo Cnejnmot
T A
Co=1hx@d =3[ AS®) =3

. T .
n =1 fpxa(@e oot de=1 [ AS®eootde

A T A
= = e &0 IT/: S(t)dt = T

o —A
Q==

A ; A i2Mht R . .
x1(0) = S X0 o glnw@ont — = Yoo e/T™ — Periodic train of impulses

Example 3:

Find the Fourier series of the following signal —



Ax(t)

__sz —T,rz 0 T,l2 T,f2

Solution:

v

X, (t)represents periodic train of pulses with period T, height A, width T and centered

aboutt = 0.
A —T/2<t<T/2
T)=
%) {0;—T/2<t<—T/2andT/2<t<T/2

and periodic with period, T = i—“
0

X2() = Ynt—w Cnejnmot
1 1.t A
co =z [ % (®dt = ?I‘%A dt = ?T

E: T R
ey = %fT X, (t)e Inwot dt = %f_& Ae Inwot d¢

/2
T
T —jnw —
U /2
A 1 i T : T
=2, —(e7inwo’/z _ ginwo'/;
Cn = T Shoo (e e )
A 2 e n@oYy ginwe; A 2 . T
= = == .— .sIn\ nw,
T —nwg 2j T nwg ( 9 /2)
_ A T sin(nmog) __ At sin(nx%ﬂxa _ At sin(ETT—T)
—?-ZX /2 T Zn Tt — g v T mmo-
Nnwp3 NXTEXs %

__ AT 2 nt
Ch = T .S1nc T

At . nt ; S -
Xs(t) = Eg‘;_mT .sinc (?) .e/®ot . Perjodic train of pulses



